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Two Scale Modeling of Heterogeneous Solid Body
by Use of Thick Shell Finite Elements

Dalia Calneryté and Rimantas Barauskas

Kaunas University of Technology, Faculty of Informatics, Kaunas, Lithuania
dalia.calneryte@stud.ktu.lt, rimantas.barauskas@ktu.lt

Abstract. An elasticity parameters evaluation for homogeneous material is con-
sidered in this paper if parameters of consisting materials are known in micro
scale. The thick shell formulation for homogeneous orthotropic material is dis-
cussed and total Lagrangian formulation for the 4-node thick shell element in
implicit and explicit analysis is described. The results of the thick shell model
are compared with the results of 3D model and LS-Dyna shell model with the
same loading.

Keywords: Multi-scale modeling, Total Lagrangian formulation, 4-node thick
shell element.

1 Introduction

Multi-scale finite element analysis is widely used for modeling and simulation of the
physical behavior of materials, the internal structure of which is non-homogeneous
and/or architecturally complex. The main idea of multi-scale modeling is to analyze
the same physical phenomena or behavior in different length scales. The models of
different scales are used to represent the behavior of the same object, however, with
different level of minuteness. Appropriate transfer of behavioral features among the
models must be ensured. Different assumptions are used for creation of models in
each length scale. All the materials traditionally considered as homogeneous are in
fact heterogeneous at micro-scale. Traditionally used isotropic, orthotropic, anisotrop-
ic behavioral models of materials are based on experimentally known data. As a rule,
we consider that they do not require any further analysis at micro-scale. In the real
world majority of materials are composites, where the parameters of materials are
known only in micro scale. That is the reason why multi-scale modeling is used for
evaluation of equivalent material parameters in upper scale. Equivalent parameters are
the elasticity parameters of homogeneous body which has the same behavior as hete-
rogeneous body. Sometimes in engineering computations traditional orthotropic mod-
els with properly adjusted parameters are employed, however, they may serve only as
very rough estimations of the reality.

The equivalent parameters of a material are evaluated according to the rules in [2]
and [3]. Obviously this is not the only way to evaluate material parameters — the me-
thod using asymptotic homogenization is presented in [9]. Applying this method only

T. Skersys, R. Butleris, and R. Butkiene (Eds.): ICIST 2013, CCIS 403, pp. 322-333, 2013.
© Springer-Verlag Berlin Heidelberg 2013



Two Scale Modeling of Heterogeneous Solid Body 323

one periodic cell is analyzed with specific periodicity boundary conditions and
asymptotic expansion of displacement fields. Moreover the material parameters can
be evaluated by mechanical approach with respect to material share in the model. All
these methods work fine when linear elasticity is analyzed. The problem arises when
there is material or geometrical non-linearity.

In this work, we concentrate on elaboration of thick shell finite elements suitable
for multi-scale computations. Shell elements are convenient in computations of upper
scales if the dimensions of a body are significantly small in one direction compared
with others. Three main formulations in analysis of geometrical non-linearity as total
Lagrange, updated Lagrange and co-rotational formulations may be employed. In the
total Lagrange formulation the reference configuration is the initial state of the ele-
ment and in the updated Lagrange formulation the reference configuration is the last
known state [5, 10]. In the co-rotational formulation the reference configuration trans-
lates and rotates with the element [10]. The total Lagrange formulation is used in this
paper for the formulation of the thick shell finite element. The stiffness tensor of the
material is obtained by means sequential multi-scale coupling. The homogenized
mechanical stiffness constants of the structure are obtained by performing the FE
analysis of the mechanical behaviour of the micro-cube. Pure stress components of
the micro-cube are created by prescribing the necessary displacements of the sides of
the micro-cube. The micro-level finite element model is employed for computing
stresses within the micro-cube. MATLAB mathematical software environment and
finite element software LS-DYNA were employed.

2 Evaluation of Equivalent Parameters for 3D Solid Model

Homogenization of the composite material to linear elastic material is considered,
where the elasticity tensor is used in order to relate stresses and strains in accordance
with the generalized Hooke’s law [1]:

6 =Dz, ey

where D is 6x6 elasticity matix, o={o, o, o 7, 7, 7},

e={e, € € vy, 7. 77X}T are the stress and strain tensors in Voigt’s notation
respectively. In order to evaluate equivalent parameters of the 3D thick shell model it

is assumed that there is zero stress in normal direction (o, =0 ). Hence the inverse
Hooke’s law for 3D model may be separated into two systems [2, 3]:

x Sl 1 Sl 2 O O-x
y = SZ 1 SZZ O O-v 5 (2)
xy 0 O S44 Tx_\‘

Vol _|Ss 0|7,
{73}{0 S}{r} @)
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where §; is a component in the ith row and jth column of the compliance matrix

S=D".
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Fig. 1. Schemes for modeling pure stress in LS-DYNA

In order to evaluate the homogenized material parameters of the heterogeneous
material pure stresses are simulated according to the schemes in Fig. 1 for the
3D solid finite model of the micro-cube which represents detailed heterogeneous

micro-structure.

Table 1. Pure stress assumptions and formulas for parameters evaluation

Assumptions Formula
o ,
0, #0,0,=0,7 =0,7,=0,7,=0 E =—,v =—
X xy ¥z x x Xy
8/\ 8X
0\' gX
0.=0,0,#20,z =0,7_=0,7,=0 E=—,v, ==
V ‘ ’ A ' E.v ) g.\'
Tx\'
0,=0,0,=0,7,#20,7,=0,7,=0 G, =—
Vo
TVZ
0.=0,0,=0,7,=0,7_#0,7,=0 G, =—
v : ; 7.
T,
0,=0,0,=0,7,=0,7_=0,7 #0 G, ==
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If material is isotropic it is enough to know Young’s modulus and Poisson’s ratio.
Orthotropic material for the thick shell element is defined by 6 parameters: E , E is

Young’s modulus in index direction, v, is Poisson’s ratio in index plane, G, , G

vz b
G, is shear modulus in index plane (Poisson’s ratio v _ is redundant because of the

symmetry of elasticity matrix (v E =v E )):

e x

— E ]
E Y9 0 0
1_ v,\»yvyx 1 - nyv»\'
Ev_ E
vy y 0 0 0
D=1-vyv,  l-vy, “)
0 0 G, 0 0
0 0 0 %G, 0
0 0 0 0 G|

Where x=5/6 is a shear correction factor and its purpose is to improve shear dis-
placement approximation.

3 4-node Thick Shell Element

Any shell element can be defined by material properties, nodal point coordinates,
shell mid-surface normals and shell thickness at each mid-surface node. The thick
shell element is a degenerated three dimensional solid element with integration over
its mid-surface. Any point of the thick shell may be related to the top and bottom
surfaces of the element:

=1

X k i](

1+ - 1- -
yh=S N Em- —24 5 +—2§ 5 5)
Z Zy e

top bottom

Where N, (&,7) is a shape function of the kth node and ¢ is a linear coordinate in

the thickness direction.

For convenience the previous equation can be rewritten in respect to the mid-
surface coordinates and a vector connecting upper and lower points. This vector is a
product of shell thickness A, at the kth node and a unit vector v3 in the direction

normal to the mid-surface [1]:

X X,

~ 1
yp= XN {5 e, ©)
z Z,



326 D. Calneryté and R. Barauskas
n
“\Z,

g

—_—— T =TT e
. —_ -
. —_ -
e~ RO

C=1~ ‘n:l

—_—
—_
—_—
p—

Fig. 2. Thick shell element

The analyzed element is isoparametric — shape functions map every quadrilateral
element to square and are used to interpolate the element coordinates and displace-
ments. Shape function for the kth node of 4-node thick shell element is bi-linear
Lagrange polynomial:

1
Nk(f,ﬂ)=z(1+fkf)(l+77k77), k=l’2’3’4 (7)

Due to the fact that the strain in the thickness direction is assumed to be 0, the dis-
placements at each node of the thick shell is uniquely defined by three Cartesian
components of the mid-surface node displacement and two rotations about orthogonal
directions defined by vectors vl and v2 normal to v3:

i =@ o @ & BY ®)
It is evident that a coordinate vector x in a Cartesian system may be defined by
X=1xe +ye +ze )
Where e .e e are base vectors. Vectors vl and v2 in Fig. 2 may be constructed
with the following formulas [1]:

1
vl= e xXv3 V2= v3Xv (10)
le xv3l [v3xvll

The displacements of any point of the thick shell may be written in respect of the
mid-surface displacements [1]:
k} (1)

u

v =2Nk(§,77)'

@

S
RSS!

1

+%ghkmk —vzk]{
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A 2x2 Gauss integration rule is used for numerical integration of the 4 node ele-
ment in plane and a 2 point Gauss integration rule is used for numerical integration
through thickness.

4 Total Lagrangian Formulation in FEM

Total Lagrangian formulation relates 2™ Piola—Kirchhoff stress to Green—Lagrange
strain and all variables of the body are referred to the initial configuration [5].

4.1 Implicit Analysis

Finite element discretization of total Lagrangian formulation for a single element
(R —vector of nodal forces and moments) for ith iteration of implicit analysis [5]:

KAu” =R-F 12)

Xy yz

Where F = J.Bzédv, S’ ={o, o, o 1, 7, 7}, Fis a vector of nodal
Yo

internal forces and moments, Au"’ is an increment of nodal displacements in ith itera-

tion and stiffness matrix K is a sum of linear K, and non-linear K, parts [4]:

K, = J-BLTDBLdV, K, = jB;LSBNLdv (13)
Vo Vo

ol, ol, ol

Where 8" =| o I, o I, o I, |and I, —3x3 identity matrix, D - elasticity tensor,
ol, ol ol

B, is a matrix such that e=B,u and € is Green — Lagrange strain, u — vector of

nodal displacements. Usually B, is a sum of two matrices. For non-linear part B,,

can be written:

I NAiv.I3 pk,x'VI _pM'VZ |
B,=|.l N I, p vl —p, -v2 L. (14)
I NA 'I3 P vl P -v2 |

Where P =%(NU .§+Nk 'g;)’pk,) =%(NA,\ .§+NI< é,‘)7pk~ =NA’k =1234.

Displacements after ith iteration is a sum of displacements after (i-/)th iteration
and increment of displacements in ith iteration:

u?” =u"” +Au" (15)
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4.2  Explicit Analysis

The global system of discretized equations of motion at the nth time step is [7]:

Mii +K-u =R (16)

n

Where u, is a vector of nodal displacements at the nth time step, M — a mass ma-
trix, K — stiffness matrix non-linearly dependent on strains, R, — vector of nodal
(active) forces and moments at the nth time step.

The diagonal mass matrix is required in calculations of explicit analysis. Firstly the
total element mass is evenly distributed among the four element nodes. Then the rota-
tional nodal masses m, are calculated by scaling the translational mass m, at the
node by factor ¢ [8]:

A h?
m=p—h, m,=0-m, , 0=— 17
4 12

Where p is the density of material, A is the area of element, A is the thickness of
shell, m, is used for calculating translational accelerations, m, is used for calculating
rotational accelerations.
Instead of the product of stiffness matrix and displacements the vector of internal
forces may be evaluated [7]:
Ku =F = I(BI) S av (18)

Yo
Displacements at the (n+1)th time step Ar are explicitly computed using central
difference formula [7]:

u,, =4'M' (R, -F,)+2u —u, _ 19)

5 Numerical Experiments
5.1 Evaluation of Material Parameters

The heterogeneous material with periodic microstructure is considered in micro scale.
This material consists of two isotropic materials composed as shown in Fig. 3 and
called fiber and matrix materials. Each material is defined by Young’s modulus and
Poisson’s ratio and density additionally for the explicit analysis in Table 2. The fibers
lie along the x axis in the model.

Table 2. Material parameters of 3D model

Fiber material Matrix material
Young‘s modulus, E 73.1-10°N /' m? 3.45-10°N /m’
Poisson‘s ratio, v 0.22 0.35

Density, p 1830kg / m’ 900kg / m’
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Fig. 3. 3D model used for parameters evaluation
The equivalent parameters for homogeneous material are evaluated by the scheme
described in earlier sections. Density of homogeneous material is calculated as

weighted mean considering the material share in the model.

Table 3. Material parameters of thick shell model

Young‘s modulus, E, 44.3-10° N /m*
Young‘s modulus, E 14.4-10° N/ m?
Poisson’s ratio, v 0.32
Shear modulus, G 4.43-10° N /'m?
Shear modulus, G 4.05-10° N /m?
Shear modulus, G_ 4.94-10° N /m?
Density, p 1432 .7kg I m’

5.2 Bending Test

The initial geometry of structure is plane and the one end of the structure is con-
strained in all directions and rotations. The structure in Fig. 4 is Im length, 0.5m
width and its thickness (h) is 0.1m . The out of plane loading is applied in the free end
of the structure. It is one of the tests for finite element proposed in [6].

Fig. 4. Deformed configurations of 3D model and thick shell
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Implicit Analysis

As it is shown in Table 4 the displacements linearly depend on loaded force when the
loading value is small. In this case the relative difference between displacements of
3D model and thick shell elements is constant and displacements of thick shells are
greater in absolute value. It should be noticed that displacements were estimated in
only one corner mid-surface node of 3D element and the heterogeneity could cause
disagreement.

Table 4. Displacements of the free end in z direction (m)

Loading (N) 3D model (m) Shell (m) Shell (LS-DYNA)
(m)
lel 1.34e-6 1.74e-6 5.19e-6
led 1.34e-3 1.74e-3 5.19¢-3
le5 1.34e-2 1.74e-2 5.19e-2
2e5 2.68e-2 3.47e-2 1.02e-1
4e5 5.35e-2 6.90e-2 1.97e-1
le6 1.32e-1 1.65e-1 4.10e-1
2e6 2.50e-1 3.00e-1 5.90e-1
Explicit Analysis

In explicit analysis the out-of-plane force evolves linearly according to time.

Table 5. Displacements of the free end in z direction

t(s) Loading (N) 3D model Shell (m) Shell (LS-
(m) DYNA) (m)
0.0001 led 3.82e-6 6.24e-6 3.87e-6
0.0003  3e4 6.53e-5 8.12e-5 8.07e-5
0.0005  5Se4 2.39e-4 2.78e-4 3.20e-4
0.0007  7e4 5.60e-4 6.32e-4 7.71e-4
0.0009  9e4 1.05e-3 1.17e-3 1.46e-3
0.001 le5 1.37e-3 1.52e-3 1.94e-3

It is obvious that in explicit analysis the displacements do not change linearly
though loading force evolves linearly. In addition, displacements of the models differ
more than 10% at each moment except for the 3D and LS-DYNA models at the first
step. It is important to notice that explicit analysis was performed with a time step
At =107 s and the geometrical non-linearity of models was small.

The displacements of models differ more than 15% at the first two moments. Dis-
tinct from the Table 5, in Table 6 geometrical non-linearity is large and the dis-
placements of 3D model and both shell models also do not differ more than 15% at
last four moments.
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Table 6. Displacements of the free end in z direction

t(s) Loading (N) 3D model Shell (m) Shell (LS-
(m) DYNA) (m)
0.0001 le7 4.92¢-3 6.23e-3 3.87e-3
0.0003  3e7 6.62e-2 7.73e-2 7.79¢-2
0.0005  5e7 2.28e-1 2.22e-1 2.48e-1
0.0007  7e7 4.36e-1 3.94e-1 4.30e-1
0.0009  9e7 6.42e-1 5.87e-1 6.19e-1
0.001 le8 7.65e-1 7.03e-1 7.34e-1

5.3 Twisting Test

The equal forces in y and z directions are loaded in the free end of the beam as shown
in Fig. 5. The length of an arrow is F. It is one of the tests for finite element proposed
in [6].

Fig. 5. Loading for twisting test

Implicit Analysis

The initial geometry of beam in Fig. 6 is plane and the one end of the beam is con-
strained in all directions and rotations. The beam is 1m in length, 0.1m in width and
its thickness (h) is 0.1m .

o

Fig. 6. Deformed configurations of 3D model and thick shell

Table 7. Displacements of the corner of thick shell and midsurface of 3D model

F(N) 3D model (m) Shell model (m) Shell (LS-DYNA)(m)
y z y z y z

le3 8.54e-6 8.25e-5 1.62e-6 7.19e-5 6.12e-7 7.93e-5

le4 8.99¢-5 8.36e-4 2.08e-5 7.28e-4 1.19e-5 8.06e-4

1le5 1.50e-3 9.36e-3 7.70e-4 7.96e-3 8.89¢e-4 9.16e-3

2e5 4.95e-3 2.06e-2 3.19e-3 1.70e-2 4.69¢e-3 2.06e-2
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The displacements of twisted models differ significantly in y direction as shown in
Table 7 though displacements in z direction differ less than 10% for 3D and LS-
DYNA shell models. Like for the bending test here displacements were estimated in
only one corner mid-surface node of 3D element. In addition, the loading is sensitive
for heterogeneity.

The initial geometry of the structure in Fig. 7 is plane and the one end of the struc-
ture is constrained in all directions and rotations. The structure is 1m in length, 0.5m
in width and its thickness (h) is 0.1m .

Fig. 7. Deformed configurations of 3D model and thick shell

Table 8. Displacements of the corner of thick shell and midsurface of 3D model

F(N) 3D model (m) Shell model (m) Shell (LS-DYNA) (m)

y 4 y zZ y z
led 1.08e-4 1.52e-3 3.70e-5 1.54e-3 3.64e-5 1.68e-3
5e4 6.10e-4 7.74e-3 2.77e-4 7.84e-3 2.99¢-4 8.65¢e-3
le5 1.41e-3 1.59¢e-2 8.07e-4 1.60e-2 9.28e-4 1.78e-2

The displacements of twisted models differ significantly in y direction as shown in
Table 8 though displacements in z direction differ less than 15%.

6 Final Remarks

The homogenized elasticity parameters for heterogeneous material were evaluated in
this paper by modeling pure stresses. The 4-node thick shell element with equivalent
parameters was implemented. The results of 3D model of heterogeneous structure, thick
shell model with 4-node elements and shell model in LS-DYNA were compared.

For bending test the results of shell model in LS-DYNA differed the most compared
with the displacements for 3D heterogeneous structure in implicit analysis. Though the
differences do not exceed 15% when non-linearity is large in explicit analysis.

Two structures were tested for twisting. Displacements in y direction differed sig-
nificantly for both structures with all analyzed loadings and difference of displace-
ments in z direction exceeded 20% only with large loading.

In summary evaluation of equivalent elasticity parameters for heterogeneous ma-
terial described in this paper can be used to analyze behavior of body with composite
material only approximately. Moreover thick shell element formulation used for body
modeling in upper scale is rather primitive and does not avoid problems such as shear
locking. However such element is valuable because of its simple implementation and
low computational cost.
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