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KO'IE sAHh fl MI4 814 EK) NPEO6PA3OBATENEfr

P. A. EAPAYCKAC, A. A. NNENNHC, K. M. PATYNbCKI,IC

Pacc*rarproaercfl 3aAaqa nos6yxgemrx B nbe3oKepaM[qecKxx nu6ponpe-
o6patoaarerrx @[I) pesoxarcnux rcone6annri, npr{ Koropbrx onpeAeneHHbre
rovror BII ABrrxyrcfl no npeAm{caHnbrM TpaeKTopr{qM. MarerrarxqecKar MoAenb
BII npegcrarlxercfl nprr noMoullr MeroAa KoHequbrx oneMeHToB. llory,rexrr
oorxourenrrt AJrfl o[peAeneHun roHQnrypaqnr sor6yxAaroqnx sneKrpoAoB.

l. Bsenenne

flpu ucnomsoB:lHur.r BII n rcaqecrBe aKTr.rBHbrx 3BeHbeB Mexanr,r3MoB
r{ MexaHI{qecKlD( cr{cTeM HeooxoAl{Mo Bo36rxAer{}re I,Ix Kone6aHni, npn ro-
Topbrx ABDKeHT{ff TeX UJII{ r{Hbrx TOqeK BII npoucxoAr4[u 6br IIo 3apaHee

[pe[rMcaHHbrM TpaeKTOpr{.fiM. xOTfi B peilrlbHocru BII o6tr,{uo pa6orarcT B

ycnoB[rx HerrxHefiHoro B3aI{MoAefi cr B'vrfl c EpytnMLI 3BeHbff MI{ M exaH}rqe-

CKID( Cr{CTeM, B HaCTOflrrIeft pa6ore orpaHruLrMcfl 3aAaqeft Bo3byxAeHLIff
nl'trrefirbrx Kole6am.rfr. Tarcoft rIoAxoA rlpaKrl,IqecKu o6ocHoBaH, TaK KaK
B nepBoM rrp[6[rDKeHI{LI pflA MexaHI{3MOB, B KOrOpbrX l{Cllonb3yrcTct BfI,
rlpoeKrupyeTcff Ha ocHoBe clloco6HocTl,r aKrI4BIIbIx 38eHbeB coBepllrzTb
Kone6aHur B orAenbHocr[. TaK KaK peqb LIAer o pe3oHaHcHblx Ko'Ie6aHl,Lflx
(nr.nun Bbrrlr3u peoHanca Moxno B pearlbnblx BfI eor6yaurr xole6anrx

EocTaTOqHOfi AMTMHTYAbI), MATCMATITTECK:Ifl MOAEIII BI] NPCACTABJIflCTCfi

B HopMilrrbHbrx KoopAltr{arax lt pBynbTl{pyrculee ABLDKeHI,Ie flolyqaercfi
MeTOAOM Cyleprro3r{Is.I}I MOA, CO6CTBeHHbIe qaCrOTbI Koropblx 6lUgru rc
rrilcTore aoa6yxgeHux 6e: ylera BKnaAoB B p€ynbrl4pylolllee ABI{xeHI{e

Apyrux MoE Bll. Ha ocHose peIueHLLff o6parHoi 3a'..al{.u AI{HaMI,IKI,I flonyqe-

Hbr cooTHorfleP'ufl AIIfr o[peAeIIeHI,It KOHQI,IrypaqIU noeoyXgatollplx 3rIeKT-
poAog. flo cteneHu cnoxHocrl,I BbrAeJrffKrrcfl 3 sa,qaq[: aos6yxgeHue KoJIe-
6axHi aaAanHofi MoAbr, Bo36yxAeHI{e MHoroMepHbIx rpaeKToplti rone6a-
Hufi B cr&rMerpl{rrHbrx cHcreMrx BfI rrnHoror$asoBbrM sJIeKTpwecKI{M Haflpfl-
xeHueM r.r Bo36yxAeHI{e MHorOMepHbrx rpaerropnfr o[HorapMoHI{qecKLIM
3rreKTpr,{qecKHM HanpflxeHl{eM B B[], nraerculrx [p[6n]r3r.rTenbHo patsHbre
co6crBerubre qacrorbr pa3luqHbtx MoA.

2. Mareuarnqecra uoAenr Bfl

.Il,nr npegcraaJreurrff MareMarrqecKofi MoAeJrr{ BII ucnonmyeM Merog Ko-
HEIHbIX 3IIeMeHTOB IIpLIMeHI{TenbHo K pacqeTy llbe3oKeparr{u,teCx}rX BII.
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Kone,rgosneMerrrrraff cucreMa gLISQepeHI$aIIbHbIx ypaanenrfi 3arll{cblBaerct

B B}IAE

tMt l i i l+ rcl{u}+ rf l tu}+ rfr {o} = tr}, (r)
t f t r  lu i -  ts t  to)  ={0 i ,

rile IMI , tcl , t(l, tZl , tsl - Marpnlbr Macc,AeMrrOnpoBanlrf,, xecrKocrtr,
3JreKrpoMer(iluutlecKilfl I{ eMKocrHat Marpr{rlbr BII coorsercrBeHHo; lUl -

BeKrop J lrroBbrx uepenaeulexr.ri BII; { O } - nerrop y3rroBbrx rroreril${:uroB;

{Ol - BeKrop y3noBbrx 3apnEoB; {F } - BeKropy3noBbD(ycr,rrrfi coor-
BercrBeHuo. Bog6yxgenne BII sueurrl,f\,r 3neKTpl{qecKr.rM clrrHarroM rrpouc-
XoIII,IT nyTeM floEaqu Ha Bce lInLI HeKoTopbre ero 3rreKTpoArr [epeMeHHoro
grreKrpr{qecKoro Ha[pffxexnr. BII B KoMrureKce c ucroqHuKoM sneKTpr{qe-
cKoro HanpruKeHr{.fi npeAcraBmer co6oi e4cryro gJreKTpoMexaHr.rqecK)[o
c[cTeMy, EJrfl rrpeEcraBJreHr{.a MaTeMaTr4{ecroi trogenu roropofr Heo6xo-
Ar,rMo K (l) go6arurb ypaBHeHr{ff gfleKrpr.FrecKofi rlerul. OgHaro ecrn ]rcroq-
HI{K 3IIeKTp[qeCKOrO Ha[pDKeHr.Ir MOXHO CqI,ITaTb AOCTaTOqHO MOU[{brM
EJrfl Toro, uro6u nanp.ExeHr{e Ha ero BbrxoAe rrpaKTnecKlt He 3aBI,IceJro
or Harpy3KH, MoxHo trpr,Er.fiTb, rrro Hartp.fixenun (wu norenqualrr) Ha
SIteKTpOAirx, [oEKIIOqeHHbIX K [CTOqHnKy HallpruKeHl4fl, 3erIaHbI, T. e.
lcBecrna qacrb aJreMeuroB BeKropa {Oi. I,Isrvreruna uoprAoK HyIvlepar1lu,r
ygJroB rloreHrlxarra raK, .tro6rr BeKTopbr y3lroBbrx noreHrg,riuroB lr 3aprrAoB

MoxHo 6uro npescraBr.rrb B BuAeto] = { i t l  ,  o=lnl},.rrrs"*.,,1,,
t  02, 

- 
LO 2l '  

- ----

cooTBeTcTBoBilJI y3naM noTeHLU{aIa' IOAKIIoTIeHHbIM K HcToqHuKy III{TaHI{8,
I{IIAeKc ,,2" - ocrzurbHbrM y3niM. Torga (l) MoxHo nepeflIicarb B Br,rge

(ryttyl+ tct {u}+ tr-r {ui+ 1-11 {or} * t72t {@21= {r},
{  r f1 r ,  {u l  -  rsr  r  t  {01} -  rs1 zt  {oz1= {or}  ,
\ tT2tr tul - tsr2lr{or} - tszzt {azl = Iozl. e)

B (2) uraecrrrbr rroreHrlr{anrr { <D1} , rcoropue 3agarcrcr rrpfi roMoug{ BHeru-
Hero ucroqHuKa Harrprxentn, vt {Q2l 

= 0, raK KaK orrd y3nbr flBmrorcfi
SneKTpltlrecKlr r,BolrHpoBarlrlbrMlr, T, e, He uMercT 3lreKTpl{qecKoro KoHTaKTa
HI{ c BHeruHuMu HocI4TeJrflMt/L sapfrg;a,, HI{ c ApyrI{Mr{ y3rrilMu roro xe B[I.
l,Icrcnp,{r4u B cr.rcreMe (Z) i Or} 

" lQzl H3 rrr,rora Her,r3BecrHhJx r{ rpr.rur.rMafl,
qro Ha BII se gefrcrryror BHerrrHr{e MexanuqecKr,re crrrbr ({FI= 0), nonyunr
ypaBHeHHe grrfl onpeAeneHuff nepeMeulenufr B BHAe

IMi lti l+ tct iu) + t,Kl { u} = -t7l {or} ,
rse [K] = 181 + t?2ltsz2l-tlrzlr,

tTl = tl l l  - I72lIS22l-t tSrzlr. (3)

llonyueruroe ypaBueHr{e (3) 6yneu cqurarb ocHoBHbrM u n gurrnefouena
BCe cooTHorlleHufl nolyqarb Ha ero ocHoBe.
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9ro6u rpegcraBr.rrb ypaurerne (3)
3aryqy co6crBeHnbrx sHaqeHrxi

de t l tK t  - co2 tMt l=0 ,

B HopM:lrrbHbrx KoopEfiaTax, perrrKM

*+r

z i+2@ic iz i+ .? t i=  - {a , } .  t r l  {Ot }  ,  i  = l ln ,

qprreM tAlrtcltAl = diae(2c.r f) u tllrtKi[Al = diacG)i4.

(41'i

3. Pacqer onruManbuoro eoe6yxgexnR sagarxofi nnogu
xone6asr,ri Bfl

Hau6oaee npocroft 3aAaqa c[rrre3a rconQr.rryparp.u. aneKrp'Aon oor6yx-
AeHIlr [orryqaercfl B clryqag] rcorga rpe6yerca aoa6y4urb Jrnrrrb oAHy MoAy
rcone6aruft, cKaxeM, i-ro. Torga rrpil ycJIoB[r{, rrro qacrora nos6yxgenua
Q) = e)it 6ygev BMecro crrcreMbr (4) us n He3aljlucnv'ut* yporcrrfi pua-
cMal'prlnarb ru.rul i-e ypaBueHue. Ilpanocroponnlrfr wrerr _{6r}rtf] 

i0t}MoxHo rpaKroBarb KaK 3KBlrBarreHrHoe ycwnue aordyxgilil.ri i-fr rrroAu
B HopMarrbHbrx KoopAr{Harax. flcHo, qro orrrr{MarrbHbre ycnoBr{fi 4lr aos6yx-
gefiaf i-ir nroAlr xone6auni nonyuarcfi B ToM cnyqae, KorAa aro 3KBr{Ba-
rreHTrroe ycurrile 6yger rraarcuMarrbHbrM IIo MoAyJtro. rlycrr oneneurbr BeKro-
p.,LqJ 

.ffBJrrrorca rapMoH[qecKr u3MeHfircus.rMucfi Be,rr.rqmr* io;i:= 
t Or) sin c.r/ u aMmrr.rryAa lrx 3aAaHa 3apauee, O/ = 16*,r. e. lrMeercfl re-

Heparop 3[eKTpxqecKoro HarrpffKeHvrfr., Ha ruxogb Koroporo MoxHo IIoJIy-
rrr{Tb rrl{rrrb gJreKTpr{qecKuir cwual nnga t{D* sinc.r/. TorEa MaKc}tMilrrbHaff
rro MoAynro aMrmr.rryEa 3KBUBarreHTHofi nos6yxgarouleft cunrr Alx i-fr rvromr
nonrrr{rcfl B CJD rae, KorAa.glr raxgoi KoMnoHeHrbl of rercropa Bo3-
6yxgaro u4.rx nanprxenufi {O1 } cnpaa eanr.rBo paB encrBo

o/ = -"rn t{0,} rtrt1., (s)
rge ({6,.}11fl )r.orHauaerT'-rc KoMrroHeHry BeKropa{rporu {6r}rtII . Tarr.rrvr
obpil3oM, rron) rIlB ]r3 BbrpiDKeHr,rff (5) 3narreHxfl sog0]DxAiroiwx Hanpflxe-
ronfr s K.'KA.M y3ne norerilruana BII (Ha xaxgorrt 

"errerrr 
3JreKrpoAa,

olpegerrffeMou xon$urypaquefi roHrpernoro Konequoro eleueura), He-
rpyAro onpeAerrrllb aoulr ao:6yxgerurr (cerueHra4uro anerrpogon) BII.
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4. Boa6yxnesxe MHOTOM ePHblx TPaeKTOpr'ri peeoxaxcrutx xone6axnf,

B [l mxoro$roablm Hanpaxerl ]rt

,Il.rrr aoa6yxAeHr{fl MHoroMepIIbIx rpaerropni rone6anni rotler BII He'

oOigrffnro sog6ygilTb rone6anur cpiuy HecKonbKID( MoE' npweM rone6a'

Hr{fl orgeJrbHblx MoA AoiDKHbI ltponcxoAl{Tb C oflpe4elleHgofi paernqei n

0."o, Koropyo 6ygervr crlrrarb rlpeAruciulHoi aapanee u paruofi A9' Pas6e'

iry o.r'-d, Kor'a xonsrryparyrx BfI rarcoaa, qro oH o6naAaer HecKoJIb'

i.,*t tog"r6, co6crlexgble qacToTbl KoTopbDc I{A9HTI{IIHbI. Tarnuu uoga'

uU o6lagaror cnuuerpfittnue BII: Koflblla,-KpyroBble 1a KBaApaTIIbIe 11nac-

**r r r. n. Pas6eper.a cnyuafi, xorga rpe6yefCff qflrloBpeMeHHo noa6ygrrm

rone6axu.n i-ft u /'-fi MoA, CO6CTBeHHbIe qacTorbl I(OTopbIx @i = Qi = {n.

Vparnenur role6auuft B HopManbHblx Koop4trIarax IIpeAcrilBlIM B Butre

t  i ,+zdc,2 i+t t2z,= - {6r i r t r l  {o1 i1 s in  a; / ,

\2,+zdc,2,+622i= - l6i ' fVl{o1i} : .(?t* 
or), 

^.. 
(6)

rge HeHyneBbre 3HaqeHI{t.KoMroHeHr BeKropoB {t/t} u {o"i1 He A'JDK-

rrbr coBra'arb, r. e' a/t 6!i = 0, k = l, * 'Ecnu 6u glr rcaroro'nu6o

r af;i ,fri * 0, aro oenauano 6u,'Iro K oEHoMy I'r roMy xe 3neKrpoAy no4'

rslorleHbr Apa [epel\4eHHblx HalpruKeHl{f c pa3nl{qHblMlr saaarrau'. qTo rlpilK'

TrrlrecKr{ HeBo3MoxHo. Tar rcarc JIeBbIe cropoHbl ypaauerud (6) ugeHrutl-

Hbr, COOTHOTIeHI{fi aMIInI{TyA n $a- <one6an6fi zi U zj oilpetrelrrloTgg C9OT-

HgrrreHuf,Mr{ aM11flrr]tr u Qas ror6prgarou{rx ycwttfrr, r. e. npaBblx cropoH

ypaanenuft (6). Tar KaK pa3Hl{qa oas Ap - 3aAaHHafl BEIlItnIHa, ocraercfl

nonoOparr aMIIru{ryAbI @f ror"rnonenr BeKropa {O}/ raruna o6parov,
qro6br 6bmo yAoBnerBopeHo ycfloBl{e

t 6 r l r t r l  { t ' t }  - -

a;ita,-i;li 
= "' (7)

rAe o - 3aAaHHoe coorHoIIIeH[e aMITJIHTyA rone6urnft BII na uogax f u 7'
Ecnu nenrgr Haftrrl rarne Of, rxaueruu Koropblx TorIHo ygoBnerBoptn[

6lr Coornoruerue (7), c;reryeT uCKaIb npr6nuxeHHoe peuleHl{e. 3agatla

onTuMl,t3atg{Il 3aIIUCbrBaeTCfl B BI{Ae

(641{o'irrrr {'"'}
{ npra orpanu'r ew*r (7) ,

Itiltl' =Q, k= f,fi,
la!, of;i e {o*, -o*}. (8)

Taryro 3aA3try MOXHO pe[rITb, Ha[pI{Mep, nyTeM nonHoro nepe6opa eapn-

arroa uoS6yXneHIIt ruIu ApyrnMI{ MeT9AOMI{ 4lCrpernOft onTI{MKtaIIItH.

HatuqUe 6onrruerO quCJIa Bo3MoxIIbIx aMIInItTyA aos6;nxcAennn, qeM O-,
-(D*, [3MeHner Jrr{rrrb BuA orpaHrqetut Of g 

tO:, 
-O*} B 3a,qAqe omI{MIt-

3awr{ (8) n He Bxocllr cylqecrBeHnbrx ocnoxnenrni'

L7

B pe3yrrbrare sero I'oJIwl4M n Co6CrSeHHbrx yrnoBbrx rracroT Cd1, Qs2,...,
con u n co6crrqrHux_BeKropor, Koropbre 3am{lueM B Marpl{qy A no cron6
ury , ' .  e .A  =_(6 r i , {62 } ,  . . , {d , }  I  

-

i-ro rvrogy BII npegcraan.qerco6oi napa <,rr,{6,}.[.rrx nepexoga B HopManb-
Hbre KoopAr.rHarbr ocyulecranu.rpanceopMarlr.rrc Koop4lrHar lU j = tll |rl ,'ae {,1_- BeKrop nepeueuleHufr B HopM.rrbHbrx KoopAr4Harqr.Ilpr.r ycrroBv^,qro coocrsennbre BeKropbr HopMr.rpoBaubr B o'rurcne Of tuitil = lJl ,rge [1] - e[HH]rqHarr Marpnla, ypaBHeHr.r.fl (3) a nopnranb'brxKoopAl*arax
flpr.rHr{Maror Br.r4



5. Bos6yxnex,te MHoroMepHbrx rpaeKTopni peaoxaHcHblx rcone6arni
BII onxoQagoBbtJu Hanpf, xeH xeM

llonyrenue MHoroMepxbrx rpaeKropld rone6aHrd npu noa6yxgenrur
ogxoQa:oartM curHaJIoM Bo3ruoxno rlllrrrr, B ToM ci-tf{ae, xorga co6crnexnrte
r{acrorbr soa6fxgaeMbrx MoE, xone6anufi Her\rHoro pa3nlrrnbr n 6lll:xlr x
qacrore roa6yxgeHu.a. r. e. @i x, @j N co. Obpa:oaaHue pa3Hocrr,r Sa: cxelra-
rlFIecKI'I [oKa3aHo Ha pl{c. I' rAe [peAcraBJIeHbI aMllUtryAHo-qacTorHbte 14
Sa:o,racrorHne xapaKrepr,rcrlrKtr xonebaxufr BII rra Molax i n 7. paeuocu
$ae aor6yxgaeMbrx xo:re6auufr pa3lr,rr{Hbrx MoI flBJrrercq eyHKquefi sHa-
seHr{fl qacroru aoabyxgeuu.s co. KoHxperHarr BerrHqr{Ha ap(a) 3aBr{c}rr or
pa3Hoca co6crseHHbrx rracror ai fi Qit-a laKxe or 3HaqeHr,r.fl go6porHocrn
rconebarenrHofi cncreun, T. €. or ocrporu rrKKoB A[IX. Bucoia nr{KoB
A[IX, oveur4{o, 3aBr,rcur or nr,r6pausoro cnoco6a no:6yxgenr6. u 3apa-
Hee HerGB ecrHa. Anropltrrvr p acqera n oa6yxgexux cl egyroupri.

I . Paccrr.rarpmaercfl cr{cTeN,ra ypanxenni:

) zi + 2ap,z, + asi:i= - {Oii r gJ 
loA}sin c.rr,

{  
, . ,  ,  r , _ 1 - . 1 ^ . : - - " - . t  ( g )

lz j + ze{izi + ulzl = _ {6r} r trl l<Di }sin c^;t.
finn zi H zi crponrcs OHX no r{3Becrlbrrvr t}oprrry;rarvr ta] . AHX crpomcx
pJrfl' crryv'afr eEr{HrrrHoro soaorxAeHuE, r. e. Korga fipaBbre croporor (g)
paBHbr sin <.r/.

2. rlo olIX, Koropbre He 3aBrrcflr or cnocooa aoa6pxgeuux, onpeAenff-
erca 3HaqeHle (t, npu r(oropoM pa3Hocrb 0a3 Ag paBHa 3aAaHHOft. orMe.{a-
nrcfl 3HaqeHflf,, aurrrrury4 ua o6enx AIIX, coornercrByroufie aroi qactote
aor6pxgeHnx (na puc. I oru o6orsa\en* ei, ai) .

3. llycrr 3apaHee 3aAaHHoe coorHoue'r4'e a*muryg xone6aHrui uor,
,4

? 
= , Torga nexrop noa6yxAeHna IOA i aon*e,n 6rrrr raruu, qrobrr

yAoBn eTBoPfl rrocb cooTHorueHue

{0,} rtrt laol o,
.  = d

{6i  }  
r r r l  {or}  o,

Cne4yer peuruTb 3aAaqy orIrHMlI3aIIllx :

r  rn?x, . I  {or l  t t r l  {o1}t
I  { o " } '  . ,

'  
r w w r . r ( l o ) .  ( l l )

\ npra orpaHrauenru'r (10),

| ro4e {oi -  o*i .  a. t  .
( B ( 1 1 ) H e r o r p a H l ' I q e u n a o J t a i t = 0 ' A = 1 ' ' r l ' r t t K K a K B x o E ' H b I e r e p e '
MeHHbre Hatrpflxerurfl Ha BCeX 3rreKTpoAax cuHQarnn) fcHo, vto obuqHo

3HaqeHue (r, npn KoTopoM pa3Hocrb $a: role6aurui panna A9, ne etrI'IHCTBeH'

HO, rro3TOMy cneAyeT npI{MeHHrb BbrureoflI{caHultfr anropnrM I{ EtItr Apyrllx

BO3MOXHbTX :HaqeHnft qacToTbr aoa6yxgeuua Q), a 113 noIyI{eHHbIx pe3yllb'

raro n nogobpam ornxu allnlti.

flprmeput

Kpyronax uacrl4nKa coBepuraer xone6annx s caoefi MocKocrtt'

EcrrnyHeenpaBl-r'IbHafloKppKHocTb'Ka)Kgtlf ipe3oBaHcHaflqacToTa'Kpolvte
nepnofr, cooTBeTCTByer 2 voAav. A:rs o6ecneqeHl,Ifl ABI'DKeHI{ff UeHTpa IUac-

Tr,trKlr lro oKpyxuocrl'I Heo6xolulro aor6yxgeHue ee co cgrurovr Qar'

KaK 3To [oKa3aHo :naPuc,?l .

Y amuncouAanunoi rnacrl{HKlt (ptrc.26) ecrb napbl pe3oHaHCHbIx '{acTor'

pa3nl{q[eKoTopblx3aBI, tc I , IToTcooTHoIIeHI, IsDuIHl lo l lyoceHsnnl{ f ica.
irloxno naftut mrcoe coorHouenue AnItH nolyocefr' uro6rt xpyroBas rpaeK'

TopLIfl uenTpa noryIl{Jracb npn noNloull o[ro$aroaoro sos6]DKnenuff

(puc.26) .
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